The most important particular cases of the main results of this paper say that: A subset A of the group X has a nonnegativity domain if and only if A is symmetric and 2-cancellable. Moreover, A has an additive nonnegativity domain if and only if A is symmetric and perfectly cancellable. In addition, it is shown that a commutative subset of X is perfectly cancellable if and only if it is infinitely cancellable.
A few basic facts on families of sets and subsets of groups
A family A of sets is called chained if for any A, B G A we have either A C B or B C A. The family A is called directed if for any A, B 6 A there exists C € A such that A C C and B C C.
A subfamily B of a family of sets A is called bounded above in A if there exists A € A such that B C A for all B € B. Moreover, the family A is called inductive if each chained subfamily of A is bounded above in A.
An element A of a family of sets A is called maximal if A c B implies A = B for all B G A.
A particular case and an equivalent of Zorn's lemma [4, p. 4] says that each nonvoid inductive family of sets has at least one maximal element.
If X is a group, then for any x G X and n G N, we define nx = x if n = 1 and nx = (n -\)x + x if n > 1. Moreover, for any sequence (a^)®^ in X, we define x i = xi if n = 1 and x » -X^i* x i + x n if n > 1.
For any A,B C X, we define -A = {-x : x G A} and A + B -{x + y : x E A, y G B}. Moreover, if x G X, then we simply write x + A and A + x in place of {x} + A and A + {re}, respectively.
A subset A of the group X is called symmetric and antisymmetric if -A C A and A fl (-A) C {0}, respectively. Moreover, a subset B of A is called
total in A if A = B U (-B).
A subset A of X is called commutative if x + y = y + x for all x, y E A. Moreover, a subset B of A is called normal in A if B + x C x + B for all x € A. Thus, each subset of a commutative set is normal.
A subset A of X is called additive if A+A C A. Moreover, for any A C X, we denote by A& the intersection of all additive subsets of X containing A. Thus, A# is an additive subset of X Moreover, for any x e X, we have x 6 A* if and only if xn i x i for some finite families (ni)^=1 and in N and A, respectively. And if X is commutative, then = {na + mx : a € A, n, m G Nu{0}}. 
Nonnegativity domains of subsets of groups
is an additive nonnegativity domain of the additive group C of all complex numbers.
To check the additivity of D, note that if (x, y), (z, w) £ D, then because of the obvious additivity of (Re) and (-R+) x R+ we may, for instance, assume that (x, y) G (Re) and (z,w) G (-K+) x R+. Hence, in particular, it follows that 0 < y and 0 < w, and thus 0 < y + w. This already implies that (x, y) + (z, w) = (x + z, y + w) G D.
Concerning nonnegativity domains, we can also easily establish the following basic theorems. = x+ (-D) . Moreover, by using the functions tpi andi/^ defined by (u) = u + x and ip2 (u) = x + u for all u G X, we can at once see that Proof. By using the injective function <f > defined above, we can at once see
If D and B are additive, then we can at once see that
Therefore, E is also additive. While, if D and B are normal in B, then for any fixed x G B by using the injective functions ipi and ip2 defined above we can easily see 
EXAMPLE 2.7. By Example 2.2 and Theorem 2.6, it is clear that Ze = ZflRffi and Qe = QflRe are additive nonnegativity domains of the additive groups Z and <Q> of all integer and rational numbers, respectively.
THEOREM 2.8. If A and B are symmetric subsets of the groups X and Y, respectively, E is a nonnegativity domain of B and f is an odd function of A into B such that 0 ^ \ {0}), then D = f~1(E) is a nonnegativity domain of A.
Proof. Since / is odd, for any x € A, we have
Since E is a nonnegativity domain of B, it is already quite obvious 
THEOREM 2.10. If D is a nonnegativity domain of a subset A of a group X and f is an injective additive function of X into a group Y, then E = f(D) is a nonnegativity domain of B = f(A). Moreover, if D is additive (normal in A), then E is additive (normal in B).
Proof. Since / is additive, we have /(0) + /(0) = /(0), and hence /(0) = 0. We also have /(x) + /(-x) = /(0) = 0, and hence /(-x) = -/(x) for all x G X. Now, since -B = -f(A) = f(-A) = f(A) = 5, by Corollary 2.9 it is clear that E is a nonnegativity domain of B.
To prove the remaining assertions, note that if D is additive, then
it is clear we also have E + y = y + E for all y 6 B. Therefore, E is normal in B. 3. The existence of nonnegativity domains DEFINITION 3.1. A subset A of a group X is called n-cancellable for some n e N if nx = 0 implies x = 0 for all x 6 A. REMARK 3.2. By using the notation X n = {x € X : nx = 0}, the above condition can be briefly expressed by writing that A fl X n C {0}. Hence, it is clear that X is n-cancellable if and only if X n = {0}. Besides, it can be easily seen that {0} U (X \ X n ) is the largest n-cancellable subset of X.
The following theorem shows that an arbitrary group need not have a nonnegativity domain.
THEOREM 3.3. If a subset A of a group X has a nonnegativity domain, then A is 2-cancellable.
Proof. Let D be a nonnegativity domain of A, and assume that x G A such that 2x = 0. Then, since 2x = x + x, we also have x = -x. Moreover, since To check this, by the multiplicative form of Theorem 3.3, it is enough to note only that (-1) 2 = 1, but -1 ^ 1. Thus, A is not 2-cancellable.
A standard application of Zorn's lemma gives the existence of a nonnegativity domain of a 2-cancellable group. More generally, we can prove the following THEOREM 3. Hence, by the antisymmetry of D and the 2-cancellability of A, it follows that y = 0. Therefore, E n (-E) C {0}, and thus E G V. Hence, by using the maximality of D and the inclusion D C E, we can infer that E = D, which is a contradiction. Therefore, the required assertion is true. Hint. To prove the implication (2)=>(1), note that B = 0 is an antisymmetric subset of A. Therefore, if the assertion (2) holds, then Theorem 3.5 can be applied to get the assertion (1). Hence, it is clear that X is infinitely cancellable if and only if Xoo = {0}. Moreover, it can be easily seen that {0} U (X \ X^) is the largest infinitely cancellable subset of X.
If A is a symmetric and 2-cancellable subset of a group X and B is an antisymmetric subset of A, then there exists a nonnegativity domain D of A such that B C D.

Infinitely cancellable subsets of groups
Analogously to Theorem 3.3, we can also easily prove the following To check this, by the multiplicative form of Theorem 4.3, it is enough to note only that i 4 = 1, but i ^ 1. Thus, A is not 4-cancellable. Namely, by Theorem 2.6, E = DflQ is an additive nonnegativity domain of Q. Moreover, by Example 4.7, we have either E = (Q> e and E = -Q ffi . If E = Q e , then Q ffi C D. Hence, by using the denseness of Q and the closedness of D in R, we can infer that R e = (Q ffi )~ C D~ -D. Therefore, by Theorem 2.14, we have D = R e . While, if E = -Q ffi , then we can similarly see that D --R©. The relationship between infinite and perfect cancellability can be cleared up by the following two theorems. 
Perfectly cancellable subsets of groups
